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We propose phase diagrams for an imbalaned (unequal number of atoms or Fermi surfae in two
pairing hyperne states) gas of atomi fermions near a broad Feshbah resonane using mean eld
theory. Partiularly, in the plane of interation and polarization we determine the region for a phase
separation phase omposed of normal and superuid omponents. We ompare our predition of
phase boundaries with the reent measurement, and nd a good qualitative agreement.
PACS numbers: 03.75.Hh, 03.75.Ss, 05.30.Fk
Two reent experimental studies of fermioni super-
uidity in strongly interating atomi
6
Li gases with
ontrolled population imbalane in two spin ompo-
nents have attrated intense interest from the physi-
ists in wide ommunities [1, 2℄. A very salient rea-
son is the mysterious nature of the pairing mehanism
[3, 4, 5, 6, 7, 8, 9, 10, 11℄. Sine the Bardeen-Cooper-
Shrieer (BCS) pairing requires an equal number of
atoms in eah spin state, the presene of spin popula-
tion imbalane leads to some exoti forms of pairing,
suh as the nite-momentum paired Fulde-Ferrell-Larkin-
Ovhinnikov (FFLO) state [3℄, the breahed pairing or
Sarma superuidity [4, 5℄, and phase separation [6℄. How-
ever, the true ground state of imbalaned fermioni su-
peruidity remains elusive and has been the subjet of
debate for deades. The two reent experimental obser-
vations open up the intriguing possibilities for resolving
this long-standing problem. As the population imbalane
inreases, the disappearane of superuidity has been
identied [1℄, and phase separation of a unitary gas in
trap has been observed [2℄.
Motivated by the signiant experimental develop-
ment, in this paper we present a general mean eld
analysis of the ground state of homogeneous imbalaned
atomi gases, fousing on the strongly interating region
near the broad Feshbah resonane, namely, the so-alled
rossover from BCS superuidty to the Bose-Einstein
ondensation (BEC). Our goal is to map out the qualita-
tive zero-temperature phase diagrams in the entire BCS-
BEC rossover. A previous disussion of suh phase di-
agrams is based on a purely eduated guess [7℄. Further
analyti mean-eld estimate is restrited to the narrow
Feshbah resonane [8℄, for whih the most fasinating
rossover region has been essentially ruled out, and thus
is of less experimental relevane.
In ontrast to these prior theoretial studies, our anal-
ysis is in lose onnetion to the experiment and has more
preditive powers. Our main results may be summarized
as follows: (1) Aside from the ability to inlude the ex-
oti phases mentioned earlier, our mean-eld alulation
predits a new phase (the saddle point solution below),
whih beomes energetially favorable for a nite popula-
tion imbalane. However, the new solution is inherently
unstable towards phase separation, signifying an inho-
mogeneous mixed phase. Around the rossover, in on-
sistent with the experimental observations [1, 2℄ we nd
that the phase separation phase beomes dominant in the
phase diagram. (2) We onstrut the phase boundary of
superuid-to-normal transitions, and ompare it with the
measurement by Zwierlein et al. [1℄. The agreement is
qualitatively good.
We onsider an imbalaned Fermi gas of
6
Li atoms
aross a broad Feshbah resonane, whih is well de-
sribed by using a single-hannel model [12℄,
H =
∑
kσ
ξkσc
+
kσckσ + g
∑
kk′p
c+k↑c
+
p−k↓cp−k′↓ck′↑. (1)
Here the pseudospins σ =↑, ↓ denote the two hyperne
states of
6
Li, and c+kσ is the fermioni reation operator
with the kineti energy ξkσ = ǫk−µσ and ǫk = ~2k2/2m.
The hemial potentials are dierent, i.e., µ↑,↓ = µ± δµ,
to aount for the population imbalane δn = n↑−n↓. g
is the bare interation strength, and is expressed in terms
of s-wave sattering length a via (4π~2a/m)−1 = g−1+∑
k(2ǫk)
−1
.
In the mean eld approximation we deouple the inter-
ation term by introduing an order parameter of Cooper
pairs in momentum spae ∆ = −g∑k 〈cq/2−k↓cq/2+k↑〉,
where the pairs may possess a nonzero enter-of-mass mo-
mentum q in ase of spatially modulated states [13℄. As
a result, the order parameter in real spae aquires a one-
wave osillation form: ∆(x) = −g 〈c↓(x)c↑(x)〉 = ∆eiq·x.
The value of q, together with ∆, are to be determined.
The Hamiltonian an then be approximated by,
H =
∑
kσ
ξkσc
+
kσckσ −∆
∑
k
[
c q
2
−k↓c q
2
+k↑ + h.c.
]
− ∆
2
g
,
=
∑
k
ψ+
k
[ξk+σz + ξk− −∆σx]ψk + E0, (2)
where in the seond line we dene a Nambu reation eld
operator: ψ+k = (c
+
q/2+k↑, cq/2−k↓), σx and σz are the 2×
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Figure 1: (olor online). Landsape of the thermodynami
potential at 1/kF a = −1. The hemial potential is xed to
µ = 0.98942ǫF . The ompeting ground states are (i) a normal
Fermi gas with ∆ = 0, (ii) a fully paired BCS superuid with
∆ = ∆0, q = 0, and δn = 0, (iii) a breahed pairing or Sarma
superuid with ∆ < ∆0, q = 0, and δn 6= 0, (iv) a nite
momentum paired FFLO superuid with ∆ < ∆0, q 6= 0, and
δn 6= 0, and (v) a saddle point phase intervening between the
loal BCS and FFLO minima.
2 Pauli matries, ξk± = (ξq/2+k↑± ξq/2−k↓)/2, and E0 =∑
k (ξk+ − ξk−)−∆2/g. The above pairing Hamiltonian
may be solved by the standard Bogoliubov transforma-
tion, or more straightforwardly, by employing the Nambu
propagator G(k, iωm) = 1/[(iωm− ξk−)− ξk+σz +∆σx]
with quasipartile energies Ek± = (ξ
2
k+ + ∆
2)1/2 ± ξk−.
Here ωm = (2m + 1)π/β and β = 1/kBT . The thermo-
dynami potential thus takes the form,
Ω =
1
β
∑
km
Tr lnG(k, iωm) + E0,
= − m∆
2
4π~2a
+
∑
k
[
ξk+ −
(
ξ2k+ +∆
2
)1/2
+
∆2
2ǫk
]
+
1
β
∑
k
[ln f (−Ek+) + ln f (−Ek−)] , (3)
where f (x) = [exp(βx) + 1]−1 is the Fermi distribution
funtion. We shall onne ourselves to zero temperature,
where the last term in Ω redues to
∑
k[Ek+Θ(−Ek+) +
Ek−Θ(−Ek−)].
The mean eld treatment presented above provides a
simplest unied desription for the uniform and spatially
modulated superuids. All these phases have to be de-
termined using the stationary (saddle point) onditions:
∂Ω/∂∆ = 0, ∂Ω/∂q = 0, as well as the requirement of
number onservation n = n↑ + n↓ = −∂Ω/∂µ.
We now disuss separately the phase diagram in the
situations where either the eld δµ or the population
imbalane δn = −∂Ω/∂δµ is kept xed. To this end,
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Figure 2: (olor online). Phase diagram in the plane of inter-
ation and hemial potential dierene.
we trae the evolution of all available mean-eld solu-
tions with inreasing the dimensionless oupling onstant
η = 1/kFa, where kF = (3π
2n)1/3 is the non-interating
Fermi wave vetor, and seek the one with lowest energy
(not the thermodynami potential). To gain a physial
insight of the ompeting ground states, we show in Fig.
1 the landsape of Ω at a seleted set of parameters. At
q = 0 there is a Sarma solution situated between the triv-
ial normal state at ∆ = 0 and the loal BCS minimum
∆0 and orresponding to a maxmium of Ω as a funtion
of ∆. On the other hand, for large enough eld mis-
math, a spatially modulated pairing (known as FFLO
phase) is driven with q · kF ∼ δµ. This forms another
loal minimum in the landsape. Interestingly, a saddle
point solution neessarily emerges in order to separate
the loal BCS and FFLO minima.
It is worth noting that not all the solutions are stable.
As follows we mainly fous on the stability against phase
separation by the riterion ∂δn/∂δµ > 0, whih indiates
the formation of an inhomogeneous mixed state. An-
other stability riterion that the superuid density must
be positive ould also be readily examined [5℄.
Fixed hemial potential dierene.We present in
Fig. 2a the interation-eld phase diagram, onstruted
by nding out the state with the lowest free energy
F = Ω + µn. The general struture of the phase di-
agram an be understood by onsidering the BCS and
BEC limits rst. In the BCS limit with innitely small
attration, η → −∞, the kineti energy dominates and
the Cooper pair formation is limited to the two Fermi
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Figure 3: (olor online). Comparison of free energies of avail-
able mean-eld solutions at oupling onstants as indiated,
with the free energy of the normal gas F0 being subtrated.
Ec = N (0)∆
2
BCS/2 is the ondensation energy for a symmet-
ri Fermi gas, N (0) = mkF /(2π
2
~
2) is the density of state at
the Fermi surfae and ∆BCS = 8 exp[π/(2kF a)− 2].
surfae. For δµ < δµ1 = 1/
√
2∆0, the ground state re-
mains the BCS state. For δµ1 < δµ < δµ2 ≃ 0.754∆0,
the Fermi surfaes may be translationally deformed, in
order to inrease the overlap for pairing. A FFLO state
with spatially varying order parameter is thereby more
preferable. The transition from BCS to FFLO states is
of rst order. Finally, for δµ > δµ2, the system trans-
lates ontinuously into a normal Fermi liquid phase. As
an example, for η = −1 we show in Fig. 3a the numerial
omparison of free energies of various ompeting states.
The ground state in the BEC limit of η → +∞ is also
known on physial grounds. Beause of the strong attra-
tion, all the spin down fermions are likely to pair up with
atoms in the other state, to form a ondensate of tightly
bounded objets in real spae. The distortion of Fermi
surfaes is prohibited, and then the leftover possibilities
are the BCS pairing and the Sarma state, as onrmed
numerially in Fig. 3. The latter state, in this strong
oupling limit, is a oherent mixture of ondensate and
a remaining Fermi sea of unpaired atoms. It is energeti-
ally favorable only for δµ ≃ ǫb as to reate an unbound
fermion, where ǫb = ~
2/2ma2 is the two-body binding en-
ergy. For suiently large mismath δµ ≃ ǫb+22/3ǫF , the
ondensate disappears and the gas beomes ompletely
polarized. Transitions among BCS, Sarma and normal
phases are ontinuous.
The phase diagram in the two limits therefore are en-
tirely dierent. Around the BCS-BEC rossover one
ould image a qualitatively hange. In partiular, the
spatially varying FFLO and saddle point phases should
ease to exist with inreasing the oupling. We nd nu-
merially (i.e., see Fig. 3b) that for 0.15 < η < 0.40 the
system goes from BCS to the normal state, without expe-
riening the FFLO nor the Sarma phase. Our mean-eld
nding is in sharp ontrast with a previous proposal in
Ref. [7℄, where a diret transition from FFLO to Sarma
phase are antiipated. This antiipation is another topo-
logial possibility to onnet the two limits.
In Fig. 2b, by re-expressing δµ in terms of the non-
interating Fermi energy, we ompare our results of the
ritial δµ for superuid-to-normal transitions with the
quantum Monte Carlo estimate [9℄ and the reent ex-
perimental data on the ritial Fermi energy dierene
(δEF /ǫF )c [1℄. These dierenes are alulated assum-
ing a non-interating dispersion: (δEF /ǫF )c = [(1 +
(δn/n)c)
1/3 − (1 − (δn/n)c)1/3]/2, where (δn/n)c is the
measured ritial population imbalane (see, i.e., the Fig.
5 in Ref. [1℄). The mean-eld predition is in good agree-
ment with the Monte Carlo result, but is about two times
larger than the measurement. This disrepany should
not be taken seriously sine the mean-eld theory is only
qualitatively valid. On the other hand, only in the weakly
oupling BCS regime do the hemial potentials equal
the Fermi energies. Further, a quantitative omparison
would require the onsideration of the external trap.
Fixed population imbalane.In this ase, the phase di-
agram is determined by minimizing E = Ω+ µn+ δµδn.
As shown in Fig. 4, now the spatially modulated saddle
point phase and the FFLO phase are energetially prefer-
able if they exist. Therefore, on the BCS side, with in-
reasing imbalane the system goes from the saddle point
state to the FFLO state, and nally turns into a normal
gas (Fig. 4a). As the interation strengths inrease, the
FFLO state disappears and the saddle point phase also
fades away, while the Sarma state starts to be supportive
(Fig. 4b). In the strong oupling BEC limit, the Sarma
state beomes the only solution left.
The above disussion yields a phase diagram in the
plane of interation and polarization δn/n, as plotted
in Fig. 5. It is topologially similar to the diagram in
the η− δµ plane, exept that the BCS pairing phase has
now been replaed everywhere by the saddle point phase.
However, it is important to point out that the saddle
point phase (shadow regions in the gure), together with
a sliver of the Sarma state, are intrinsially unstable to-
wards phase separation, sine the slope of the plot of δµ
versus δn for these phases is negative, as illustrated in
the insets of Fig. 4. This is exatly the preursor for
a spatially inhomogeneous mixed phase [6℄. Around the
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Figure 4: (olor online). Comparison of energies of ompet-
ing phases. Insets show the hemial potential dierene as a
funtion of polarization. The arrow in the inset of (b) indi-
ates a position, above whih the slope of the urve beomes
positive.
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Figure 5: (olor online). Interation-porlarization phase di-
agram. The superuid-to-normal transition boundary (thik
line) is to be ompared with the experimental data (symbols).
The shadowed region is unstable against phase separation.
rossover, our predition for the appearane of the phase
separation phase is onsistent with the experimental ob-
servations [1, 2℄.
In Fig. 5 we ompare again the predited boundary
for the superuid-to-normal transition with the experi-
mental ndings of ritial polarization (δn/n)c [1℄. The
agreement seems to be qualitatively good. We note, how-
ever, that the most intriguing FFLO state is not identi-
ed experimentally. The window for the FFLO state in
our phase diagram is sizable, but it may shrink rapidly
with inreasing temperature and an external trap as in
experiments.
We onlude by disussing the possible eets of quan-
tum pair utuations beyond mean-eld. Three remarks
are in order onerning the η − (δn/n) phase diagram.
First, though within mean-eld the BCS state is stritly
onned to the horizontal axis (δn = 0), the inlusion
of the pair utuations may aommodate a nite pop-
ulation imbalane. As a result, a narrow window for a
uniform BCS superuid opens lose to the axis of δn = 0
inside the saddle point phase. Seondly, in our mean-eld
theory the phase boundary for the mixed phase is deter-
mined indiretly from an instability analysis. It an also
be xed following the way in Ref. [6℄, i.e., by examining
the energy of an inoherent mixture of some pure states.
This alternative method requires onsidering of pair u-
tuations on the strong oupling BEC side. Finally, so far
we restrit our analysis to the free spae. With a nite
trap one may instead solve the mean-eld Bogoliubov-de
Gennes equations, or, resort to the loal density approx-
imation [14℄. The latter approah is partiularly useful
in order to take into aount the pair utuations in the
presene of traps. Details of these issues on quantum
utuations will be presented elsewhere.
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